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Abstract:We study rigidly rotating and pulsating (m,n) strings in AdS3×S3 with mixed
three form flux. The AdS3 × S3 background with mixed three form flux is obtained in the
near horizon limit of SL(2, Z)-transformed solution, corresponding to the bound state of
NS5-branes and fundamental strings. We study the probe (m,n)−string in this background
by solving the manifest SL(2, Z)−covariant form of the action. We find out the dyonic
giant magnon and single spike solutions corresponding to the equations of motion of a
probe string in this background and find out various relationships among the conserved
charges. We further study a class of pulsating (m,n) string in AdS3 with mixed three form
flux.
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1. Introduction
Integrability in string theory has been proved to be one of the most useful techniques in
studying string spectrum in various semisymmetric superspaces [1] 1. The appearance of
integrability on both sides of the AdS/CFT correspondence [3, 4, 5] has added tremendous
amount of progress in the study of string theory. In this context, type IIB superstring
theory on AdS5 × S5 has been shown to be described as supercoset sigma model [6]. The
appearance of integrability via appearance of hidden charges was first exploited in [7]. With
the realization that the counting of gauge invariant operators from gauge theory side can
be elegantly formulated in terms of an integrable spin chain, it has been established that
integrability played an important role on both sides of the duality, since the dual string
theory is integrable in the semiclassical limit. In this connection, a special limit was put
forth using in which both sides of the duality were analyzed in great detail. In particular,
the spectrum on the field theory side was shown to consist of elementary excitations, the
so called magnons which carry momentum p along the finitely or infinitely long spin chain.
On the string theory side, the dual string state derived from the rigidly rotating string in
the R×S3 appears to give the same dispersion relation between the string energy (E) and
the angular momentum (J) in the large ’t Hooft limit and is known as the giant magnon[8].
A more general kind of rotating strings, known as spiky strings, are dual to higher twist
operators also presented in [9]. It was further argued that they both fall into the category
1for a detailed introduction and references on integrability in AdS/CFT refer [2].
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of special class of general rotating string solutions [10] on the sphere [11]. In addition to
the rigidly rotating strings, the spinning and pulsating strings have also been shown to
have exact correspondence with some dual operators in the gauge theory[12]. Pulsating
string was introduced first in [13]. Compared to the rigidly rotating strings, the folded
and the pulsating strings are less studied even though the pulsating-rotating solutions offer
better stability than the non pulsating solutions [14]. These solutions are time-dependent
as opposed to the usual rigidly rotating string solutions. They are expected to be dual to
highly excited states in terms of operators [13].
Long ago, Schwarz [15] has constructed an SL(2, Z) multiplet of string-like solutions
in type IIB string theory starting from the fundamental string solution. It is known that
the equations of motion of type IIB supergravity theory are invariant under an SL(2, R)
group. This suggests the possibility to generate new supergravity solutions by applying
this rotation to known solutions such as string-like as well as five-brane solutions. A
discrete subgroup SL(2, Z) of this SL(2, R) group has been conjectured later to be the
exact symmetry group of the type IIB string theory based on the fact that there are no
fractional string or D-brane charges. The SL(2, Z) transformed solution of the a bound
state of Q5 NS5-branes and Q1 fundamental strings (F-strings) is characterized by charges
with respect to RR and NS-NS two forms. In the near horizon limit of this solution, we
obtain the AdS3 × S3 background with mixed three form fluxes with integer charges. It
has also been recently shown that the SL(2, Z)-transformation and the near horizon limit
commute. This allows to map the (m,n)−string in AdS3 × S3 background with mixed
three form fluxes to (m′, n′)−string in AdS3 × S3 background with NS-NS two form flux.
Recently in a series of papers [16][17][18] the superstring theory on AdS3×S3×T4 supported
by a combination of RR and NSNS 3-form fluxes (with parameter of the NSNS 3-form q )
has been investigated in detail. The worldsheet theory interpolates between the pure RR
flux model (q = 0) and the pure NSNS flux model (q = 1) 2. The theory has been shown
to be integrable and for a generic value of the parameter q the corresponding tree-level S-
matrix for massive BMN-type excitations has been computed. Further computations along
the lines of rotating and pulsating string have been studied, for example in[20][21][22][23]
[24][25] [26][27][28][29]. In view of the study of superstrings in AdS3×S3 background with
mixed flux, it is interesting to investigate further the rotating (m,n) string in AdS3 × S3
background with mixed three form fluxes. This problem can be mapped to (m′, n′) string in
AdS3×S3 background with NS-NS two form flux by using the symmetries of the intersecting
brane background itself. The rest of the paper is organized as follows. In section 2, we
study (m,n)−string in AdS3×S3 background with mixed three form fluxes after mapping
it to the simpler (m′, n′)−string in AdS3 × S3 background with NS-NS two form flux. In
section 3, we solve the corresponding equations of motion in the single angular momentum
case where we find out solutions that correspond to spike and giant magnon. Section 4 is
devoted to the study of the rotating string with two angular momenta and we present the
relations among various conserved charges. In section 5, we discuss the pulsating strings
in AdS3 background with mixed three form flux. In section 6, we conclude and present our
2For a nice review and comprehensive list of references on the study of integrability of superstrings on
AdS3 × S
3
× T
4 with both RR and mixed flux refer [19]
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outlook.
2. Rotating (m,n)−string in AdS3 × S3 with mixed flux
We begin this section with a review of the construction of AdS3 × S3 background with
mixed three form fluxes that was performed recently in [30]. The starting point is the
AdS3 × S3 background with NS-NS two form 3
ds2 = L2[ds2
A˜dS3
+ ds2Ω3 ] ,
H = 2L2(ǫ˜AdS3 + ǫS3) , L
2 = r25 ,
e−2ΦNS =
1
g2s
r21
r25
, r21 =
16π4g2sα
′3Q1
V4
, r25 = Q5α
′ , V4 = (2π)
4α′2v ,
(2.1)
where ds2
A˜dS3
is the line element of AdS3 space expressed in dimensionless variables. It is
well known that the solution given in (2.1) is a solution of type IIB supergravity equations
of motion. On the other hand, we also know that type IIB superstring theory possesses
SL(2, Z)−duality transformation that leaves the metric in the Einstein frame unchanged.
In case of two forms, it is convenient to introduce the vector B defined as
B =
(
B
C(2)
)
(2.2)
where B and C(2) are NSNS and RR two forms respectively. The vector B transforms
under SL(2, Z) transformation as
Bˆ = (ΛT )−1B , (2.3)
where
Λ =
(
a b
c d
)
,detΛ = 1 , (2.4)
and where a, b, c, d are integers. Type IIB theory also has two scalar fields χ and Φ, where
the dilaton Φ is in the NS-NS sector while χ belongs to the RR sector. It is convenient to
combine these fields into a complex field τ = χ+ ie−Φ and introduce the following matrix
M = eΦ
(
ττ∗ χ
χ 1
)
= eΦ
(
χ2 + e−2Φ χ
χ 1
)
,detM = 1 (2.5)
that transforms under SL(2, Z) transformation as
Mˆ = ΛMΛT , (2.6)
where Λ is given in (2.4).
3We ignore the part of the metric corresponding to four torus T 4 with the volume V4.
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Then in order to find AdS3×S3 background with mixed three form fluxes, we perform
SL(2, Z) transformation of the ansatz (2.1) and we obtain the line element in the form [30]
ds¯2 =
√
c2
g2s
r21
r25
+ d2
[
L2[ds2
A˜dS3
+ ds2Ω3 ] + ds
2
T
]
, (2.7)
where ds2T = dx
2
6 + · · · + dx29. We see that the new solution has the curvature radius
L¯2 =
√
c2
g2s
r21
r25
+ d2L2 = 1gs
√
c2r21 + d
2g2sr
2
5r5. Further, there are the following NSNS and
RR three forms
H˜ = dH = 2dL2(ǫ˜AdS3 + ǫS3) ,
F˜ = −bH = −2bL2(ǫ˜AdS3 + ǫS3)
(2.8)
and dilaton and zero form RR field as
e−Φ˜ =
√
Q1Q5v
c2Q1 + d2Q5v
=
1
gˆs
,
χ˜ =
acQ1 + bdvQ5
c2Q1 + d2Q5v
.
(2.9)
Our goal is to study the dynamics of the probe (m,n)−string in this background.
To do this, we introduce the action for (m,n)-string that has the form 4
S(m,n) = −TD1
∫
dτdσ
√
mTM−1m
√
−detgMN∂αxM∂βxN +
+ TD1
∫
dτdσmTBMN∂τx
M∂σx
N ,
(2.10)
where
m =
(
m
n
)
, mTM−1m =mi(M−1)ijmj ,mTB =miBi , (2.11)
where m,n count the number of fundamental string (m) and D1-branes (n) and hence they
have to be integers.
It is important that the action (2.10) is manifestly invariant under SL(2, Z) transfor-
mation when B and M transform as in (2.2) and (2.6) and when m transforms as
mˆ = Λm . (2.12)
Note that this action is expressed using Einstein frame metric gMN which is related to
the string frame metric GMN by the relation gMN = e
−Φ/2GMN where the Einstein
frame metric is invariant under SL(2, Z)-transformations. Then it was shown in [30] that
4For recent discussion, see [31].
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(m,n)−string in mixed AdS3×S3 background with mixed three form fluxes can be mapped
to (m′, n′)−string in AdS3 × S3 background with NSNS three form flux. Explicitly, using
the manifest covariance of the action (2.10) we obtain
S(m,n) = −TD1
∫
dτdσ
√
m′2 + n′2e−2ΦNS
√
−det(GMN∂αxM∂βxN ) +
+ TD1
∫
dτdσm′BMN∂τx
M∂σx
N ,
(2.13)
where GMN , BMN and Φ
NS correspond to the background (2.1) and we used the fact that
mTM−1m = (Λ−1m)TM−1NS(Λ−1m) = (m′2 + n′2e−2ΦNS )eΦNS (2.14)
with
m′ =
(
m′
n′
)
=
(
dm− bn
−cm+ an
)
. (2.15)
We see that we reduced the problem of the dynamics of (m,n)−string in mixed AdS3×S3
background to the much simpler analysis of (m′, n′)−string in pure NSNS AdS3 × S3
background where the action is given in (2.13). On the other hand, this action is non-
linear due to the presence of the square root of the determinant that makes the analysis of
equations of motion rather awkward. For that reason it is useful to rewrite this action into
Polyakov-like form when we introduce an auxiliary metric γαβ and write the action S(m,n)
into the form
S = −τ(m,n)
2
∫
dτdσ
√−γγαβGαβ + q(m,n)
∫
dτdσBMN∂τx
M∂σx
N , (2.16)
where
τ(m,n) = TD1
√
m′2 + n′2e−2ΦNS , q(m,n) = TD1m
′ = TD1m
Tq , (2.17)
where q =
(
d
−b
)
is the charge vector of (d,−b)−flux background. Note that we have
also used the fact that ΦNS is constant for the background (2.1). To see an equivalence
between (2.16) and Nambu-Goto form of the action, note that the equations of motion for
γαβ have the form
Tαβ = − 2√−γ
δS(m,n)
δγαβ
= τ(m,n)[−γαβγγδGγδ + 2Gαβ ] = 0
(2.18)
that has clearly a solution γαβ = Gαβ . Inserting this solution into (2.16) we obtain the
original action. In the following we use the Polyakov form of the action due to the manifest
linearity of the theory. The equations of motion with respect to γ have been already deter-
mined in (2.18) while the equations of motion with respect to xM can be easily determined
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from (2.16)
− τ(m,n)
2
√−γγαβ∂MGKL∂αxK∂βxL + τ(m,n)∂α[
√−γγαβGMN∂βxN ] +
+ q(m,n)HMNK∂τx
N∂σx
K = 0 ,
(2.19)
where
HMNK = ∂MBNK + ∂NBKM + ∂KBMN . (2.20)
Our goal is to find solutions of the equations of motion derived above that correspond to
giant magnon or single spike configurations. For that reason it is convenient to use the
following explicit form of the background metric (2.1)
ds2 = L2[− cosh2 ρdt2 + dρ2 + sinh2 ρdφ2 + dθ2 + sin2 θdφ21 + cos2 θdφ22],
btφ = L
2 sinh2 ρ, bφ1φ2 = −L2 cos2 θ,
(2.21)
where we used ordinary symbols for coordinates instead of symbols with tilde used in (2.1)
keeping in mind that all coordinates are dimensionless. Note that due to the fact that the
action does not depend explicitly on φ, φ1, φ2 and t, the action is invariant under constant
shifts
t′(σα) = t(σα) + ǫt , φ
′(σα) = φ(σα) + ǫφ , φ
′
1,2(σ
α) = φ1,2(σ
α) + ǫ1,2 , (2.22)
where all ǫ′s are constants. With the help of the standard Noether theorem we derive the
following conserved currents
J αt = −τ(m,n)
√−γGtM∂βxMγβα + q(m,n)BtNǫαβ∂βxN ,
J αφ = −τ(m,n)
√−γGφM∂βxMγβα + q(m,n)BφNǫαβ∂βxN
J αφ1,φ2 = −τ(m,n)
√−γGφ1,2M∂βxMγβα + q(m,n)Bφ1,2Nǫαβ∂βxN
(2.23)
where ǫτσ = −ǫστ = 1. Note that these currents obey the relations
∂αJ αA = 0 , A = t, φ, φ1,2 . (2.24)
Using these relations we derive the following conserved charges
Pt =
∫
dσ
(
−τ(m,n)
√−γGtt∂βtγβτ + q(m,n)Btφǫτσ∂σφ
)
,
Jφ =
∫
dσ
(
−τ(m,n)
√−γGφφ∂βφγβτ + q(m,n)Bφtǫτσ∂σt
)
,
Jφ1 =
∫
dσ
(
−τ(m,n)
√−γGφ1φ1∂βφ1γβτ + q(m,n)Bφ1φ2ǫτσ∂σφ2
)
,
Jφ2 =
∫
dσ
(
−τ(m,n)
√−γGφ2φ2∂βφ2γβτ + q(m,n)Bφ2φ1ǫτσ∂σφ1
)
.
(2.25)
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Now we try to solve the equations of motion explicitly when we consider the following
ansatz
t = γτ, θ = θ(y), φ1 = ω1τ + g1(y), φ2 = ω2τ + g2(y) , (2.26)
where y is a function of world sheet coordinates y = ασ + βτ , together with ρ = 0 and
φ = 0. At the same time we impose the conformal gauge when γττ = −1 , γσσ = 1 , γτσ = 0.
In this case the components of the stress energy tensor have the form
Tττ = Tσσ = τ(m,n)[Gττ +Gσσ ] = 0 ,
Tτσ = 2τ(m,n)Gτσ = 0 ,
(2.27)
where
Gττ = ∂τx
M∂τx
NGMN = L
2[−γ2 + β2θ′2 + (ω1 + βg′1)2 sin2 θ + (ω2 + βg′2)2 cos2 θ] ,
Gσσ = ∂σx
M∂σx
NGMN = α
2L2[θ′2 + g′
2
1 sin
2 θ + g′
2
2 cos
2 θ] ,
Gτσ = gστ = L
2[αβθ′2 + α(ω1 + βg
′
1)g
′
1 sin
2 θ + α(ω2 + βg
′
2)g
′
2 cos
2 θ] .
(2.28)
The equation of motion for φ1 implies
g′1 =
1
(α2 − β2)
(
Φ1
sin2 θ
+ βω1 −
q(m,n)
τ(m,n)
αω2
)
,
(2.29)
where Φ1 = const. and g
′
1 =
∂g1
∂y
In the same way the equation of motion for φ2 implies
g′2 =
1
(α2 − β2)
(
Φ2
cos2 θ
+ βω2 −
q(m,n)
τ(m,n)
αω1
)
.
(2.30)
From these two equations we can see one important point that the case of the single
angular momentum, i.e., ω2 = 0 , g2 = 0 is possible only when q(m,n) = 0 as follows from
the equation of motion for φ2.
In order to find the equation of motion for θ we use the constraint Tττ = 0 and we
obtain
− L2γ2(α2 − β2)2 + L2 sin2 θω21(α2 − β2)2 + L2 cos2 θω22(α2 − β2)2 +
+ L2(α2 + β2)(α2 − β2)2θ′2 + 2L2βω1(α2 − β2) sin2 θ( Φ1
sin2 θ
+ βω1 +
q(m,n)
τ(m,n)
αω2) +
+ 2L2βω2(α
2 − β2) cos2 θ( Φ2
cos2 θ
+ βω2 −
q(m,n)
τ(m,n)
αω1) +
+ L2 sin2 θ(α2 + β2)(
Φ1
sin2 θ
+ βω1 +
q(m,n)
τ(m,n)
αω2)
2 +
+ L2 cos2 θ(α2 + β2)(
Φ2
cos2 θ
+ βω2 −
q(m,n)
τ(m,n)
αω1)
2 = 0 .
(2.31)
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This equation simplifies considerably when we impose the boundary condition that for
θ → pi2 , θ′ = 0. Since limθ→pi2 cos θ = 0, we have to demand that Φ2 = 0 and the previous
equation implies
− γ2(α2 − β2)2 + ω21(α2 − β2)2 + 2βω1(α2 − β2)(Φ1 + βω1 −
q(m,n)
τ(m,n)
αω2) +
+ (α2 + β2)(Φ1 + βω1 −
q(m,n)
τ(m,n)
αω2)
2 = 0
(2.32)
that can be solved for γ. Let us now consider the constraint Tτσ = 0 that implies
Gτσ = gθθαβθ
′2 + gφ1φ1αg
′
1(ω1 + βg
′
1) + gφ2φ2αg
′
2(ω2 + βg
′
2) = 0
(2.33)
that for θ = π/2, θ′(π/2) = 0 implies
g′1|θ=pi/2(ω1 + βg′1|θ=pi/2) = 0 (2.34)
and we have to analyze under which condition this equation is obeyed. The first possibility
is that g′1|θ=pi/2 = 0 and using (2.29) we find that this is possible when
ΦI1 = −βω1+
q(m,n)
τ(m,n)
αω2 . (2.35)
The second possibility how to obey (2.33) is to demand that ω1 + βg
′
1|θ=pi/2 = 0 which
implies
ΦII1 = −
1
β
(α2ω1 − β
q(m,n)
τ(m,n)
αω2) (2.36)
These two values of the constants ΦI1,Φ
II
2 determine whether we have giant spike or giant
magnon solution. Before we proceed to the discussion of the general case with two angular
momenta, we consider the simpler case of single angular momentum.
3. Single Angular Momentum
Let us now consider the case when g′2 = 0 and ω2 = 0. As we argued previously this is
possible on condition when q(m,n) = 0 too. In this case we have
g′1 =
1
(α2 − β2)
(
Φ1
sin2 θ
+ βω1
)
(3.1)
while the constraint Tττ = 0 takes the form
− L2γ2(α2 − β2)2 + L2 sin2 θω21(α2 − β2)2 +
+ L2(α2 + β2)(α2 − β2)2θ′2 + 2L2βω1(α2 − β2) sin2 θ( Φ1
sin2 θ
+ βω1) +
+ L2 sin2 θ(α2 + β2)(
Φ1
sin2 θ
+ βω1)
2 = 0 .
(3.2)
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If we impose again the condition that for θ = pi2 , θ
′ = 0 we obtain the equation
−γ2(α2−β2)2+ω21(α2−β2)2+2βω1(α2−β2)(Φ1+βω1)+(α2+β2)(Φ1+βω1)2 = 0 (3.3)
that can be solved for γ. Further, the constraint Tτσ = 0 has the form
Gτσ = gθθαβθ
′2 + gφ1φ1αg
′
1(ω1 + βg
′
1) = 0
(3.4)
that for θ = π/2, θ′(π/2) = 0 implies
g′1|θ=pi/2(ω1 + βg′1|θ=pi/2) = 0 (3.5)
that can be solved for two values of ΦI,II1
ΦI1 = −βω1 , (3.6)
and
ΦII1 = −
α2
β
ω1 . (3.7)
We begin with the first case.
3.1 Giant Magnon Solution
We first consider the case with ΦI1 = −βω1 . Equation (3.3) implies γ = ω1 while the
constraint Tττ = 0 gives the equation for θ
′
θ′2 =
ω21 cos
2 θ(α2 sin2 θ − β2)
(α2 − β2)2 sin2 θ .
(3.8)
Using (2.25), we find the explicit form of the conserved charges
Pt = −2κL2τ(m,n)
∫
dθ
(α2 − β2) sin θ
α cos θ
√
α2 sin2 θ − β2
,
Jφ1 = 2κL
2τ(m,n)
∫
dθ
sin θ
α cos θ
√
α2 sin2 θ − β2 , (3.9)
where κ counts the number of spikes on the (m,n)−string world-volume. Both of these
integrals diverge but the difference between E = −Pt and Jφ1 is finite and is equal to
E − Jφ1 = 2κτ(m,n)L2
√
1−
(
β
α
)2
= 2κτ(m,n)L
2 sin(
△φ1
2
) , (3.10)
where we introduced the difference angle φ1 defined as
△φ1 = 2
∫ φmax1
φmin1
dφ1 = 2α
∫ θmax
θmin
g′1dθ
α | θ′ | = −2 arccos
(
β
α
)
. (3.11)
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Note that (3.10) is the generalization of the giant magnon dispersion relation to the specific
case of (m,n)−string in (d,−b)−mixed flux background. More explicitly, the condition
q(m,n) = TD1m
′ = 0 implies that dm = bn and τ(m,n) = TD1e
−ΦNSn′ = TD1
n
d e
−ΦNS . The
special case is when n′ = 1 that corresponds to (b, d)−string and we derive giant magnon
dispersion relation. Note that this is in agreement with the SL(2, Z)−covariance of Type
IIB string theory since (d,−b)-flux background is derived from (1, 0)−flux background by
SL(2, Z)−rotation with the matrix Λ =
(
a b
c d
)
where NSNS and RR two forms transform
as (
B′
C ′(2)
)
= (ΛT )−1
(
B
C(2)
)
(3.12)
while (m,n)-string transforms as m′ = Λm, so that (b, d)−string is SL(2, Z) rotation of
D1-brane.
3.2 Spike Solution
In the second case, we have ΦII1 = −α
2
β ω1. Equation (3.3) gives γ
2 = α
2
β2
ω21 while the
constraint Tττ = 0 implies following differential equation for θ
θ′2 =
α2ω21 cos
2 θ(β2 sin2 θ − α2)
β2(α2 − β2)2 sin2 θ .
(3.13)
It is easy to see that the energy is equal to
E =
2κL2τ(m,n)
α
∫
dθ
(α2 − β2) sin θ
cos θ
√
β2 sin2 θ − α2
(3.14)
which is divergent. On the other hand note that Jφ1 is now finite and is equal to
Jφ1 = −2κτ(m,n)L2 cos
(
α
β
)
.
(3.15)
In order to find finite dispersion relation, let us determine the angle difference
△φ1 = 2
α
∫ θmax
θmin
dθ
√
(β2 sin2 θ − α2)
sin θ cos θ
(3.16)
that is divergent. Then it is easy to find following dispersion relation
E + κτ(m,n)L
2△φ1 = 2κτ(m,n)L2
(π
2
− θ1
)
.
(3.17)
This is the dispersion relation corresponding to the single spike solution of the string.
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4. Two Angular Momenta
In this section we consider a more interesting case of two non-zero angular momenta. Recall
that in section (2) we determined that these solutions are characterized by condition Φ2 = 0
and two values of Φ1 given in (2.35) and (2.36). Let us begin with the first case.
4.1 First Limiting Case ΦI1
We begin with the first case with ΦI1 = −βω1 +
q(m,n)
τ(m,n)
αω2. Note that for this value of Φ
I
1,
the equation (2.32) implies γ = ω1.
Using (2.31), we get the differential equation of θ
θ′2 =
Ω2 cos2 θ
(α2 − β2)2 sin2 θ [sin
2 θ − sin2 θ0] ,
(4.1)
where Ω2 = α2(1− q
2
(m,n)
τ2
(m,n)
)(ω21 − ω22) and sin θ0 =
(βω1 − αω2 q(m,n)τ(m,n) )
Ω
.
The explicit form of the conserved charge E is
E =
2κω1τ(m,n)L
2(α2 − β2)
αΩ
∫
dθ sin θ
cos θ
√
sin2 θ − sin2 θ0
(4.2)
which is divergent. As for the remaining conserved charges Jφ1 and Jφ2 , we get
Jφ1 =
2κω1τ(m,n)L
2
αΩ
(α2 − β2)
∫
dθ
sin θ
cos θ
√
sin2 θ − sin2 θ0
+
− 2καω1τ(m,n)L
2
Ω
(
1−
q2(m,n)
τ2(m,n)
)∫
dθ
sin θ cos θ√
sin2 θ − sin2 θ0
(4.3)
and
Jφ2 =
2κτ(m,n)L
2αω2
Ω
(
1−
q2(m,n)
τ2(m,n)
)∫
dθ
sin θ cos θ√
sin2 θ − sin2 θ0
+
− 2κτ(m,n)L2
q(m,n)
τ(m,n)
sin θ0
∫
dθ
cos θ
sin θ
√
sin2 θ − sin2 θ0
(4.4)
and the angle difference
△φ1 =
2(αω2
q(m,n)
τ(m,n)
− βω1)
Ω
∫
dθ cos θ
sin θ
√
sin2 θ − sin2 θ0
= −2 sin θ0
∫
dθ cos θ
sin θ
√
sin2 θ − sin2 θ0
= −2 cos−1(sin θ0) .
(4.5)
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Collecting these results together we obtain the following dispersion relation
E
ω1
− Jφ1
ω1
=
Jφ2
ω2
− κq(m,n)L
2△φ1
ω2
.
(4.6)
Using previous integral we evaluate the right side of the equation above and we obtain
Jφ2 − κq(m,n)L2△φ1
ω2
=
1
ω1
√√√√(Jφ2 − κq(m,n)L2△φ1)2 + 4κ2τ2(m,n)L4
(
1−
q2(m,n)
τ2(m,n)
)
(1− sin2 θ0)
(4.7)
and hence we derive the final form of the dispersion relation
E − Jφ1 =
√√√√(Jφ2 − κq(m,n)L2△φ1)2 + 4κ2τ2(m,n)L4
(
1−
q2(m,n)
τ2(m,n)
)
sin2
△φ1
2
=
√
(Jφ2 − κmTqTD1L2△φ1)2 + 4κ2mTM−1me−ΦNST 2D1L4
(
1− m
Tq
mTM−1me−ΦNS
)
sin2
△φ1
2
.
(4.8)
This dispersion relation is the generalization of the dispersion relations derived in [18] and
also in [21] to the case of (m,n)−string in (d,−b)−mixed flux background. We see that this
dispersion relation is linear in the △φ1 that is identified with the world-sheet momentum p
which spoils periodicity of this solution. On the other hand it is clear that this dispersion
relation reduces to the usual giant magnon dispersion relation when mTq = 0 and also
n′ = 1 that corresponds to (b, d)−string in (d,−b)−flux background and the dispersion
relation has the form
E − Jφ1 =
√
J2φ2 + 4κ
2e−2ΦNSL4T 2D1 sin
2 △φ1
2
(4.9)
that again corresponds to SL(2, Z)−rotation of the dispersion relation of D1-brane in pure
NSNS flux background. On the other hand it is interesting to analyze dispersion relation
when n′ = 0 that implies q(m,n) = τ(m,n) that corresponds to m =
an
c . If we again consider
the case when m′ = 1 we find that this corresponds to (a, c)−string and we find that the
dispersion relation has the form
E − Jφ1 = Jφ2 − κTD1L2△φ1 . (4.10)
We interpret this solution as the bound state of Jφ2 elementary magnons so that for Jφ2 = 1
we obtain massless dispersion relation
E − Jφ1 = ǫ = 1− κTD1L2△φ1 (4.11)
that has nice physical interpretation. The (a, c)−string in (d,−b)−flux background is
defined by SL(2, Z)−rotation of fundamental string in pure NSNS flux background, where
the matrix Λ is given in (2.4). On the other hand we know that fundamental string
in AdS3 × S3 with NSNS flux has exact WZW conformal field theory description with
massless dispersion relation [18].
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4.2 Second Limiting Case ΦII1
Now, we consider the second case with ΦII1 = − 1β (α2ω1 − β
q(m,n)
τ(m,n)
αω2). From (2.32) we
again find γ2 =
α2
β2
ω21
Using (2.31) we find that the differential equation for θ has the form
θ′2 =
Ω2 cos2 θ
(α2 − β2)2 sin2 θ [sin
2 θ − sin2 θ0] , (4.12)
where Ω2 = α2
(
1− q
2
(m,n)
τ2
(m,n)
)
(ω21 − ω22) , sin θ0 = 1βΩ
(
α2ω1 − αβω2
q(m,n)
τ(m,n)
)
.
Using (4.12) we determine the following conserved charges
E =
2κω1τ(m,n)L
2(α2 − β2)
βΩ
∫
dθ sin θ
cos θ
√
sin2 θ − sin2 θ0
,
J1 = −2κω1τ(m,n)L2
√√√√√1− q
2
(m,n)
τ2
(m,n)
ω21 − ω22
cos θ0 ,
J2 = 2κτ(m,n)L
2ω2
√√√√√1− q
2
(m,n)
τ2
(m,n)
ω21 − ω22
cos θ0 − 2nτL2
q(m,n)
τ(m,n)
(
π
2
− θ0)
(4.13)
together with the angle difference
△φ1 = −2 sin θ0
∫ pi/2
θmin
dθ cos θ
sin θ
√
sin2 θ − sin2 θ0
− 2 ω1
βΩ
(α2 − β2)
∫
dθ sin θ
cos θ
√
sin2 θ − sin2 θ0
(4.14)
From (4.13) and (4.14) we see that E and △φ1 are both divergent but their combination
is finite and is equal to
E + κτ(m,n)L
2△φ1 = 2κτ(m,n)L2(
π
2
− θ0) .
(4.15)
Further, the dispersion relation between angular momenta can be written as
J1 =
√√√√(2κτ(m,n)L2)2(1− q2(m,n)
τ2(m,n)
) sin2
(△φ1)reg
2
+ [J2 − κτ(m,n)L2
q(m,n)
τ(m,n)
(△φ1)reg]2
(4.16)
where (△φ1)reg = −2 cos−1(sin θ0). Note that (4.16) could be rewritten using the original
variables m and M and we could discuss the various properties of this relation with de-
pendence on the values of vector m exactly in the same way as in previous section but we
will not repeat it here since the discussion would be exactly the same.
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5. Pulsating (m,n)−string in AdS3 with mixed flux
In this section we will analyze the pulsating (m,n)−string in mixed three form flux back-
ground. Recall that such a string has an action
S = −τ(m,n)
2
∫
dτdσ
√−γγαβGαβ + q(m,n)
∫
dτdσBMN∂τx
M∂σx
N , (5.1)
with the equation of motion for xM
− τ(m,n)
2
√−γγαβ∂MGKL∂αxK∂βxL + τ(m,n)∂α[
√−γγαβGMN∂βxN ] +
+ q(m,n)HMNK∂τx
N∂σx
K = 0 ,
(5.2)
and the equations of motion for γαβ
Tαβ = − 2√−γ
δS(m,n)
δγαβ
= τ(m,n)[−γαβγγδGγδ + 2Gαβ ] = 0 .
(5.3)
In order to find pulsating (m,n)−string in AdS3, we consider the following ansatz
t = t(τ), ρ = ρ(τ), φ = κσ (5.4)
with btφ = L
2 sinh2 ρ. Then it is easy to find the form of the induced metric
Gττ = L
2(− cosh2 ρt˙2 + ρ˙2) , Gσσ = L2κ2 sinh2 ρ , Gτσ = Gστ = 0 .
(5.5)
so that (5.3) in the conformal gauge takes the form
Tττ = Tσσ = τ(m,n)L
2[− cosh2 ρt˙2 + ρ˙2 + κ2 sinh2 ρ] = 0 ,
Tτσ = 2τ(m,n)Gτσ = 0 .
(5.6)
From (5.2) we find that the equation of motion for t has very simple form
L2(τ(m,n)t˙ cosh
2 ρ− κq(m,n) sinh2 ρ) = E .
(5.7)
On the other hand the equation of motion for ρ is more complicated and is equal to
− τ(m,n)
2
(−∂ρGttt˙2 + κ2∂ρGφφ)− L2τ(m,n)ρ¨+ 2κL2q(m,n) sinh ρ cosh ρt˙ = 0 ,
(5.8)
while the equation of motion for φ implies
κL2τ(m,n) sinh
2 ρ = A .
(5.9)
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Now using (5.7) we find that Pt is equal to
Pt = −E = −
∫
dσL2
(
τ(m,n) cosh
2 ρt˙− κq(m,n) sinh2 ρ
)
= −2πE .
(5.10)
The second important quantity is the oscillation number that is associated with string
motion along the ρ direction
N =
∮
dρΠρ , (5.11)
where Πρ is the canonical momentum conjugate to ρ
Πρ = τ(m,n)L
2ρ˙ .
(5.12)
Now using the equation (5.6) and (5.7) we obtain differential equation for ρ in the form
ρ˙2 =
(κq(m,n)L
2 sinh2 ρ+ E)2 − κ2τ2(m,n)L4 sinh2 ρ cosh2 ρ
τ2(m,n)L
4 cosh2 ρ
(5.13)
and hence the oscillation number N is equal to
N =
∮
dρ
cosh ρ
√
(κq(m,n)L2 sinh
2 ρ+ E)2 − κ2τ2(m,n)L4 sinh2 ρ cosh2 ρ
Changing the variable x = sinh ρ, we get
N =
∮
dx
1 + x2
√
(κq(m,n)L2x2 + E)2 − κ2τ2(m,n)L4x2(1 + x2)
= κL2
√
τ2
(m,n)
− q2
(m,n)
∫ √R+
0
dx
1 + x2
√
(R+ − x2)(x2 −R−)
= κL2
√
τ2(m,n) − q2(m,n)
1√−R−
[
R−E
(
R+
R−
)
+ (1 +R+)
[
K
(
R+
R−
)
− (1 +R−)Π
(
−R+, R+
R−
)]]
,
(5.14)
where R+ and R− are the roots of the quadratic equation in the square root with
R± =
2q(m,n)E − κL2τ2(m,n) ± τ(m,n)
√
−4L2κq(m,n)E + 4E2 + L4κ2τ2(m,n)
2κL2(τ2(m,n) − q2(m,n))
. (5.15)
In short string limit
N =
π
4L2κτ(m,n)
E2 + πq(m,n)
4L4κ2τ3(m,n)
E3 −
5π(−3q2(m,n) + τ2(m,n))
32L6κ3τ5(m,n)
E4
−
7πq(m,n)(−5q2(m,n) + 3τ2(m,n))
32L8κ4τ7(m,n)
E5 +O[E ]6 . (5.16)
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Reversing the above series, we have the expression for E
E =
2
√
L2κτ(m,n)√
π
√
N − 2q(m,n)
πτ(m,n)
N +
5(−q2(m,n) + τ2(m,n))
2π3/2τ2(m,n)
√
L2κτ(m,n)
N3/2
+
6(−q3(m,n) + q(m,n)τ2(m,n))
L2κπ2τ4(m,n)
N2 +O[N ]5/2 . (5.17)
Putting m′ = 1 and n′ = 0, we have the following expression
N =
π
4L2κTD1
E2 + π
4L4κ2T 2D1
E3 + 5π
16L6κ3T 3D1
E4 + 7π
16L8κ4T 4D1
E5 +O[E ]6
E = 2
√
L2κTD1√
π
√
N − 2
π
N +O[N ]5/2 (5.18)
The condition n′ = 0 implies that cm = an and τ(m,n) = TD1m
′ = TD1
n
c . Again putting
m′ = 1, we get m = a and n = c. So we note that the (a, c)−string in (d,−b)-flux
background is the SL(2, Z) rotation of F−string and our result for the specific case m′ = 1
and n′ = 0 should match with [26].
6. Conclusion
In this paper, we have studied the rotating and pulsating (m,n)−type string in AdS3×S3
background with mixed fluxes which has been obtained by taking the SL(2, Z) transfor-
mations of the usual (F1 − NS5) bound state followed by a near horizon geometry. We
have applied SL(2, Z) transformation on the (m,n)−probe string action and generated
(m′, n′)−string action, where the m′ and n′ are the SL(2, Z) invariants. The giant magnon
and its dyonic counterpart solutions have been obtained by solving relevant equations
of motion of the probe string in the above background in the presence of NS-NS fluxes.
We have shown various regularized dispersion relations among different conserved charges
that the background admits. We have also checked that in the absence of probe D-string
charges, the relations among various charges do match exactly with the F-string result.
Furthermore, we have looked at an oscillating (m,n)−string in the background of AdS3
with NS-NS flux. In short string limit, we have obtained the energy of such a string in
terms of the oscillation number. The work done in this paper can be extended in several
ways. One of the interesting problems to consider is to study the pulsating and circular
string solutions of (m,n)−type string in the R × S3 with the NS-NS flux turned on. A
point to note, however, is that the pulsating and oscillating strings in R × S3 is qualita-
tively different from the AdS3 case. It is left as a further example for future work. In the
context of obtaining the mixed flux background, one of the backgrounds which one might
look for is the AdS3 × S3 × S3 × S1 with mixed flux. A way to do so would be to start
with the NS1−NS1′−NS5−NS5′ intersecting brane solution of [32] and then apply the
SL(2, Z) transformation followed by a rotation and check the commutativity of the these
two operations. At present, it appears to be a nice idea to pursue further.
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